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Abstract
A rotating system, such as a star, liquid drop, or atomic nucleus, may
rotate as an oblate spheroid about its symmetry axis or, if the angular
velocity is greater than a critical value, as a triaxial ellipsoid about a prin-
cipal axis. The oblate and triaxial equilibrium configurations minimize
the total energy, a sum of the rotational kinetic energy plus the potential
energy. For a star or galaxy the potential is the self-gravitating poten-
tial, for a liquid drop, the surface tension energy, and for a nucleus, the
potential is the sum of the repulsive Coulomb energy plus the attractive
surface energy. A simple, but accurate, Pade´ approximation to the po-
tential function is used for the energy minimization problem that permits
closed analytic expressions to be derived. In particular, the critical defor-
mation and angular velocity for bifurcation from MacLaurin spheroids to
Jacobi ellipsoids is determined analytically in the approximation.
1 INTRODUCTION
A bifurcation is a qualitative shift in the character of the solutions to an equa-
tion. One of the best examples of a bifurcation is the transition from spheroidal
to ellipsoidal shapes for rapidly rotating stars and galaxies. The equation for
this problem is the energy minimization condition. Above a critical angular
velocity, the total energy of a rigidly rotating triaxial ellipsoid is less than that
of a spheroid.
The scientific investigations of the shape of self-gravitating systems form
an important and fascinating segment of the history of physics [1]. Although
the best astronomical observations at the beginning of the eighteenth century
indicated that the earth was prolate (Cassinian ovaloid), Sir Isaac Newton pre-
dicted that it was an oblate spheroid rotating about its symmetry axis. In 1738
Maupertuis organized a scientific expedition to
Lapland whose aim was to resolve the controversy about the shape of the
earth by making precise geodetic measurements. He and his collaborator, Cel-
sius, confirmed Newton’s prediction and further substantiated the universal the-
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ory of gravitation. This success began the modern theory of the equilibrium
shape of a rotating self-gravitating body.
Four years later, MacLaurin reported the rigorous relationship between the
angular velocity ω and the eccentricity e for the rigidly rotating spheroids that
today bears his name,
ω2/piGρ = 2(3− 2e2)
√
1− e2 arcsin(e)/e3 − 6(1− e2)/e2 (1)
where G denotes the universal gravitational constant and ρ is the constant den-
sity. An interesting feature of MacLaurin’s formula is that the angular velocity
attains a global maximum at an eccentricity e ≈ 0.93. For the small oblate
eccentricities and slow rotations seen in the sun and planets, the shape of the
bodies may be determined as a function of the angular velocity using elementary
mechanics [5].
A century had elapsed before Jacobi in 1834 demonstrated that there were
rigidly rotating triaxial equilibrium solutions in addition to the MacLaurin
spheroids. The Jacobi ellipsoids bifurcate from the spheroids at e ≈ 0.81. The
angular velocity of a triaxial ellipsoid is less than the spheroidal maximum. At
high angular velocities triaxial solutions are energetically preferred to oblate
shapes, a counterintuitive result that illustrates dramatically the primacy of
physical law to unreliable common sense.
There are other important results related to the shape of self-gravitating
bodies. The discovery in 1924 of the instability of the bifurcation from ellipsoidal
to pear shapes shattered the hope for a theory of binary star creation from
embryonic ellipsoidal distributions of self-gravitating matter [2]. More recently
precise measurement of the sun’s oblate eccentricity using the solar disk sextant
became important in part because its value distinguished Einstein’s general
theory of relativity from the competing Brans-Dicke theory of gravitation [3, 4].
The objective of this article is to present a simple derivation of the MacLau-
rin to Jacobi bifurcation based on energy minimization. To attain the desired
simplicity, the elliptic integral for the exact gravitational self-energy of a uniform
density triaxial ellipsoid is approximated by a rational function of the ellipsoid’s
axes lengths. To emphasize the universality of this rotational dynamics prob-
lem, the oblate to triaxial bifurcation is determined for the similar problems
of irrotational liquid drops and atomic nuclei [8]. Here the surface area of an
ellipsoid must be approximated by another Pade´ function. Three science lessons
are learned from the investigation: (1) What is a bifurcation and how can it
be identified quantitatively?, (2) What is the physics of rotating isolated sys-
tems?, and (3) How is a complicated function like the self-energy approximated
accurately by a rational Pade´ function. The solutions to the exact bifurcation
problems are found for self-gravitating systems in [6, 7] and for nuclei in [8, 9].
2 Self-gravitating ellipsoids
The first objective is to determine the total energy of an ellipsoid with semi-axes
lengths a1, a2, a3 that is rotating rigidly about a principal axis, say the first axis.
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Since the system is isolated, the angular momentum L is constant and aligned
with the fixed rotation axis. The rotational kinetic energy is the square of the




For rigid body rotation, the moment of inertia of a uniform density ellipsoid of





Size effects and scaling relations are clarified if dimensionless units are in-
troduced. Moreover, the results may be applied then with equal ease to stars
and galaxies that differ by many orders of magnitude in their linear dimen-
sions, angular momenta, and periods. Consider an imaginary reference sphere
of radius R that has the same mass M and volume v as the ellipsoid, viz.,
v = 4pia1a2a3/3 = 4piR
3/3. Define new dimensionless semi-axes lengths by
a = a1/R, b = a2/R, c = a3/R for which the product abc = 1. The ref-
erence sphere’s moment of inertia is I0 = 2MR2/5, and the ellipsoid’s is
I = I0(b2 + c2)/2.
The gravitational self-energy of a mass distribution with density ρ is the total
potential energy of gravitational attraction. It is given by a double integral over





|~r − ~r ′| . (3)
Division by two is required because of the integrand’s double counting of the
infinitesimal mass pairs.
The gravitational self-energy of the uniform reference sphere is evaluated
to be V = −V0 = −(3/5)GM2/R. With somewhat more difficulty, MacLau-
rin evaluated the double integral for an oblate spheroid. If b = c > a, the
gravitational self-energy is
V = −V0(1− e2)1/6 arcsin(e)
e
=
{ −V0[1− 145e4 − 622835e6 − . . .] for e << 1
−V0 pi2 (1− e2)1/6 for e → 1
,
(4)
where the eccentricity e =
√
1− a2/c2.
The self-energy for a triaxial ellipsoid cannot be evaluated in terms of elemen-




















(a2 + u)(b2 + u)(c2 + u).
Instead of working directly with this elliptic integral, it is both technically
simpler and more physically illuminating to approximate it. Although the in-
finite Taylor series expansion about the sphere a = b = c = 1 is identical to
the original analytic function, a truncation to a polynomial introduces serious
errors for large axes lengths. The reason is that the polynomial violates an
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important qualitative feature of the exact function. Observe that the ellipsoid’s
exact gravitational self-energy, Eq.(3) or Eq.(5), is a function of the axes lengths
satisfying three general properties: (1) it is a symmetric function of the axes
lengths, (2) it is homogeneous of degree −1 in the axes lengths, and (3) it equals
the reference sphere value when the ellipsoid’s axes lengths are equal. A superior
approximation is achieved if all three properties are respected. Although the
monomial terms of a truncated Taylor series violate the homogeneity property,
an elementary function satisfying all three properties is
V1 = −V0 3
a + b + c
. (6)
Although V1 is a good approximation to the exact self-energy of an ellipsoid, an










a + b + c
ab + bc + ca
]
. (7)
The weights for the two terms, 4/5 and 1/5, are chosen to attain agreement
with the exact MacLaurin oblate spheroid energy, Eq. (4), up to fourth order
in the eccentricity,
V2 =
{ −V0[1− 145e4 − 7324e6 − . . .] for e << 1
−V0 85 (1− e2)1/6 for e → 1
. (8)
A rational approximation, i.e., a ratio of polynomials such as V1 and V2, to a
function is called a Pade´ approximation [10]. Note the close agreement between
the exact and approximate expressions even beyond the fitted fourth order in the
eccentricity. The coefficients of e6 in the exact and approximate series differ only
by about 1%, 62/2835≈ 0.0219 versus 7/324 ≈ 0.0216. In the limit of an oblate
spheroid (flat pancake), e → 1, both the exact and approximate formulae tend
to zero as (1− e2)1/6, and their coefficients differ only by about 2%, pi/2 ≈ 1.57
compared to 8/5 = 1.60. The algebraic manipulations and Taylor expansions
were done here and elsewhere in this paper with the assistance of a computer
algebra program.
Because of centrifugal stretching, the rotation axis a is shorter than b and
c, and the relevant domain to describe rotational motion around the a-axis is
b2c > 1 and bc2 > 1. In Figure 1 a contour plot of the percentage error for the
Pade´ approximation V2 is shown in the b − c plane for 0.5 < b, c < 2.0. This
domain encompasses the shapes of self-gravitating systems found in nature.
The error there is very small – less than one percent. In this same rectangular
domain, the percentage error in the derivatives of the potential energy, i.e., the
Chandrasekhar tensor, is also less than one percent.
The errors are largest for prolate spheroids that lie outside the physical
domain, cf. Eq.(14) below. In Figure 2 the potential energy and its Pade´ ap-
proximant are plotted versus the eccentricity of the prolate spheroid. The differ-
ences between the exact and approximate energies cannot be seen on the scale
0 < e < 1 except near the infinitely thin elongated prolate spheroid e → 1.
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The difference between the exact potential and its approximation can be seen
in the magnified interval 0.9990 < e < 1. The exact potential has a logarithmic
singularity as e → 1 and the approximation diverges from it. This divergence is
far outside the physically relevant domain. Were the study of extreme prolate
shapes important, an approximation with the correct logarithmic divergence
should be adopted, e.g.,
Vln =
3







(a + b + c)2
3(ab + bc + ca)
)]
. (9)
We would like to point out that there is an interesting phenomenon in quan-
tum mechanics that contradicts the classical expectation of centrifugal stretch-
ing and oblate-like rotating shapes. At finite temperature, certain nuclei can
rotate as prolate spheroids about their symmetry axes, a > b = c [11].
Let the energy and angular momentum be given in dimensionless form by  =
E/V0 and λ = L/
√
I0V0, respectively. Thus the total energy of a uniform self-







a + b + c
− 1
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a + b + c
ab + bc + ca




For a uniform self-gravitating ellipsoidal mass rotating rigidly with angular
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b2 c4 − c3 + b4 c2 − b c2 − b2 c− b3 + 2





2 b2 c2 − c− b)
5 (b c2 + b2 c + 1)
2
(13)
One class of simultaneous solutions to the equilibrium equations is the MacLau-
rin spheroids for which c = b. In this case, Eq. (12) is trivially satisfied and




c3 − 1) (16 c9 + 48 c6 + 45 c3 − 1)
5 (c3 + 2)
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Note that prolate solutions (c < 1) are excluded since the angular momentum
cannot be imaginary. Although the angular momentum monotonically increases
as a function of c, the angular velocity,
√
I0/V0 ω = 2λ/(b
2+c2) = λ/c2, attains
a maximum at c ≈ 1.393 or an eccentricity e ≈ 0.929, a one-tenth of one percent
error from the exact value e = 0.930. The energy of a MacLaurin spheroid is
 = −16 c
12 + 104 c9 + 177 c6 + 107 c3 + 1
5 c (c3 + 2)
2
(2 c3 + 1)
2
(15)
A second class of equilibrium solutions is the Jacobi ellipsoids for which
b 6= c. If Eq. (12) is divided by c− b, Eq.(13) divided by c + b, and the two new
equations added together, then the angular momentum is eliminated and the
resulting condition for the shape of an equilibrium triaxial ellipsoid is
0 = a4 ξ5 + a2
(
2 a3 − 1) ξ4 + a3 (13 a3 − 4) ξ3 + a (6 a3 + 1) ξ2
−a2 (4 a3 + 10) ξ − a6 + a3 − 12, (16)
where ξ = c + b and a = 1/(bc).
The bifurcation of MacLaurin spheroids to Jacobi ellipsoids is determined
by the solutions to the Jacobi shape equation in the limit b → c
0 = 24 c12 + 20 c9 − 57 c6 − 96 c3 + 1. (17)
Hence the bifurcation is at b = c ≈ 1.210, a ≈ 0.683, or an eccentricity e = 0.826.
The exact bifurcation point, first determined by Mayer in 1842, is e = 0.813; the
error due to the Pade´ approximation to the potential energy is about 1.5%. In
Figure 3 the solutions to the Jacobi shape equation (16) are plotted in the b− c
plane. The intersection of the diagonal line b = c, corresponding to MacLaurin
spheroids, with the Jacobi triaxial ellipsoidal curve is the bifurcation point. In
Figure 4 the square of the angular velocity ω2, in units of V0/I0, is plotted versus
the eccentricity e. The triaxial ellipsoids rotate more slowly than the spheroids
beyond the bifurcation point.
3 Liquid Drops
Consider next a water or oil droplet with an ellipsoidal boundary that is ro-
tating about a principal axis, say the x-axis. Microgravity experiments on
the space shuttle are an ideal setting for measuring the properties of rotating
fluid droplets[12]. For inviscid incompressible irrotational flow, the ellipsoidal
droplet’s moment of inertia equals I = I0(b2 − c2)2/(2(b2 + c2)) instead of the
rigid body value.
The potential energy is the surface energy, defined as the product of the
surface tension γ times the area of the ellipsoid. For the reference sphere the
surface energy is V S
0
























(1− e2)−1/3 for e → 1
The exact surface energy of a triaxial ellipsoid cannot be expressed in terms






















(a2 + t2)(b2 + t2)(c2 + t2).
To approximate this elliptical integral for the surface area of a triaxial el-
lipsoid, a strategy similar to the gravitational self-energy is successful. An
ellipsoid’s surface energy is a function of the axes lengths satisfying three prop-
erties: (1) it is a symmetric function of the axes lengths, (2) it is homogeneous
of degree +2 in the axes lengths, and (3) it equals the reference sphere value
when the ellipsoid’s axes lengths are equal. A rational function with these three
properties is the two term approximation











The weights for the two terms, 8/15 and −3/5, are chosen to attain agree-















(1− e2)−1/3 for e → 1 . (21)
The exact and approximate expressions are close even beyond the fitted
fourth order. The coefficients of e6 in the exact and approximate series differ
only by about 2%, 136/2835 ≈ 0.0480 versus 19/405 ≈ 0.0469. In the limit,
e → 1 (creˆpe), both the exact and approximate formulae approach infinity as
(1 − e2)−1/3, with coefficients differing by 7%, 0.50 compared to 8/15 = 0.53.
The singularity cannot be incorporated into a finite degree Taylor polynomial.
To even qualitatively reproduce this property of the surface area, a Pade´ ap-
proximation is necessary.






(b2 − c2)2 +
8
15
(ab + bc + ca)− 3
5




and the angular momentum λ is in units of
√
I0V S0 .
Energy minimization yields two equations, one for the shape of the equilib-
rium fluid drops,
0 = a4 ξ5 − a2 ξ4 − 5 a3 ξ3 + 4 a ξ2 + 8 a2 ξ − 8, (23)




(−3a3ξ3 + 4aξ2 + 8a2ξ − 8) , (24)
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where ξ = b + c, a = 1/bc.
For an irrotational drop no spheroidal solution exists save for the sphere
itself at zero angular momentum. As soon as the drop begins to rotate, it
immediately goes triaxial. In Figure 5 the equilibrium shapes, the solutions to
Eq. (23), are plotted in the b− c plane.
4 Nuclear liquid drop model
In a seminal paper in 1939, N. Bohr and J.A. Wheeler noted that an atomic
nucleus has properties in common with a charged rotating incompressible liquid
droplet whose stability is determined by a competition between the attractive
surface energy and the repulsive effects of the Coulomb force and centrifugal
stretching [14]. The surface energy, which approximates the effect of the short
range nuclear interaction, is the same as a water droplet’s energy except that
the surface tension takes a different numerical value. The Z protons produce
the long range Coulomb potential. The repulsive Coulomb self-energy is similar
to the attractive self-gravitating energy except for a sign change and different
reference energy V C0 = (3/5)kcQ
2/R where kc denotes the Coulomb constant,
Q = Ze is the nuclear charge, and R is the radius of the reference sphere. The
nuclear radius is proportional to the cube root of the mass number A, the total
number of protons and neutrons, R = r0A
1/3, r0 = 1.2F . A microscopic justi-
fication, based on the Yukawa pion exchange potential, for the surface energy
approximation to the strong force in nuclei is given by Gauthier and Sherrit [15].
Moreover, the analogy between liquid drops and atomic nuclei is supported by
collision experiments [16].
A basic conclusion of the Bohr-Wheeler fission model is that a nonrotating




is greater than one. To
respect this bound increasing numbers of neutrons must be supplied to the
nucleus. But these extra neutrons are not stable against β decay. Hence the
periodic table terminates around Z ∼ 100. For a nonrotating spherical nucleus
the energy simplifies to V (R) = V S0 + V
C
0 and equilibrium is attained when




or, equivalently, the fissility x = 1. Using this
article’s approximations for the potentials of deformed ellipsoids, the stability
will be investigated now for rotating ellipsoidal nuclei.
In units of the reference surface energy, the total energy of a rigidly rotating
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(ab + bc + ca)− 3
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There are both oblate spheroidal and triaxial ellipsoidal solutions to the two
energy minimization equations, ∂/∂b = ∂/∂c = 0. For the oblate spheroids
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c3 − 1) [1− 3
4
x
16c9 + 48c6 + 45c3 − 1
(1 + 2c3)2(2 + c3)2
]
. (26)
If c ≥ 1 and 0 < x < 1, the square of the angular momentum is nonnegative.










The triaxial solutions obey the equilibrium shape condition
0 = 4 (ξ + a)
2
(
a2 ξ + 1
)2 (
a2 ξ2 − ξ − a)
−3x [a4 ξ5 + a2 (2 a3 − 1) ξ4 + a3 (13 a3 − 4) ξ3 (28)
+a
(
6 a3 + 1
)
ξ2 − a2 (4 a3 + 10) ξ − a6 + a3 − 12]
where ξ = c + b and a = 1/bc. The bifurcation from oblate spheroids to triaxial






2 c3 − 3) (2 c3 + 1)2
3 (24 c12 + 20 c9 − 57 c6 − 96 c3 + 1) (29)
For spheroids b = c = 1, the shape equation implies x = 1, as expected. In
Figure 6 the equilibrium shapes are drawn in the b− c plane for three values of
the fissility.
5 CONCLUSION
A simple approximate solution to the Jacobi bifurcation problem for a uniform
self-gravitating rotating fluid with an ellipsoidal boundary is achieved in this
article by using a Pade´ approximation to the exact potential energy. To en-
hance agreement with the exact problem, terms of higher degree in the rational
approximation are required with a concomitant loss of simplicity. However the
exact problem is a mathematical problem, not a physical one. Real stars and
galaxies are not uniform density fluids. The error in the Pade´ approximation
to the exact self-gravitating energy is less than the error made in imposing a
constant density approximation on a real star or galaxy. Using the exact ellip-
tic integral instead of the Pade´ function is poor modeling of the physical world.
Indeed, part of the art of modeling is recognizing inherent model limitations
and adapting the mathematical complexity to resonate harmoniously with the
physical assumptions. Failure to do so may even obscure the model’s domain of
application to nature. Similar remarks apply to the nuclear liquid drop model
in which the surface energy approximates the short range hadronic interaction.
9
Acknowledgment. We thank J.D. Garrett and A.L. Goodman for their helpful
remarks.
References
[1] I. Todhunter, History of the Mathematical Theories of Attraction and the
Figure of the Earth (Constable, London, 1873); reprint edition (Dover, New
York, 1962).
[2] H. Cartan, “Sur la stabilite´ ordinaire des ellipsoides de Jacobi”, in Proc.
Int. Math. Cong., Toronto, 1924 (University of Toronto Press, Toronto,
1928), pp. 2-17.
[3] T.J. Lydon and S. Sofia, “A Measurement of the Shape of the Solar Disk:
The Solar Quadrupole Moment, the Solar Octopole Moment, and the Ad-
vance of Perihelion of the Planet Mercury,” Phys. Rev. Lett. 76, 177-179
(1996).
[4] R.H. Dicke, The Theoretical Significance of Experimental Relativity
(Blackie, New York, 1964), Appendices 2 and 7.
[5] Jay S. Boleman, “Shape of the rotating planets and the Sun: A calculation
for elementary mechanics,” Am. J. Phys. 44, 1125 (1976).
[6] S. Chandrasekhar, Ellipsoidal Figures of Equilibrium (Yale University
Press, New Haven, 1969).
[7] Norman R. Lebovitz, “Rotating fluid masses,” Ann. Rev. Astr. Astrophys.
5 (Palo Alto, California, 1967), pp. 465-480.
[8] S. Cohen, F. Plasil and W.J. Swiatecki, “Equilibrium Configurations of
Rotating Charged or Gravitating Liquid Masses with Surface Tension. II,”
Ann. Phys. (N.Y.) 82, 557-596 (1974).
[9] G. Rosensteel, “Rapidly Rotating Nuclei as Riemann Ellipsoids,” Ann.
Phys. (N.Y.) 186, 230-291 (1988).
[10] J. Stoer and R. Bullrsch, Introduction to Numerical Analysis (Springer-
Verlag, New York, 1980), §2.2.
[11] Alan L. Goodman, “Rotation induced prolate spheroid above the critical
temperature,” Phys. Rev. Lett. 73, 416-419 (1994); Errata, 73, 1734 (1994).
[12] T.G. Wang, A.V. Anilkumar and C.P. Lee, “Oscillations of liquid drops: re-
sults from USML-1 experiments in Space,” J.Fluid Mech. 308, 1-14 (1996).
[13] Carl E. Rosenkilde, “Surface energy tensors,” J.Math.Phys. 8 84-88 (1967);
“Surface energy tensors for ellipsoids,” J.Math.Phys. 8 88-97 (1967).
10
[14] N. Bohr and J.A. Wheeler, “The Mechanism of Nuclear Fission,” Phys.Rev.
56, 426-450 (1939).
[15] N. Gauthier and S. Sherrit, “Nuclear potential in the Yukawa model,”
Am.J.Phys. 59, 1144-1146 (1991).
[16] A. Menchaca-Rocha, M.E. Brandan, M. Gutierrez, and R. Labbe, “Liquid
Drop Collider to Simulate Nuclear Reactions,” Phys. Teach. 24, 104-105
(1986).
11
